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ABSTRACT
Changes in the values of the fundamental constants µ, the proton to electron mass
ratio, and α, the fine structure constant due to rolling scalar fields have been discussed
both in the context of cosmology and in new physics such as Super Symmetry (SUSY)
models. This article examines the changes in these fundamental constants in a particu-
lar example of such fields, freezing and thawing slow roll quintessence. Constraints are
placed on the product of a cosmological quantity, w, the equation of state parameter,
and the square of the coupling constants for µ and α with the field, ζx, (x = µ, α) using
the existing observational limits on the values of ∆x
x
. Various examples of slow rolling
quintessence models are used to further quantify the constraints. Some of the examples
appear to be rejected by the existing data which strongly suggests that conformation
to the values of the fundamental constants in the early universe is a standard test that
should be applied to any cosmological model or suggested new physics.
Key words: dark energy – equation of state – molecular processes .
1 INTRODUCTION
The values of the fundamental constants such as the fine
structure constant α and the proton to electron mass ra-
tio µ in the early universe provide important constraints
and tests for cosmological theories such as quintessence and
new physics models that suggest a coupling between the con-
stants and rolling scalar fields. It was pointed out more than
35 years ago (Thompson 1975) that changes in the value of
the fundamental constant µ produce changes in molecular
spectra such that observations of molecular spectra in high
redshift objects can track the value of µ in the early universe.
The recent advent of large telescopes with sensitive high
resolution spectrometers and, most importantly, very accu-
rate measurements of the wavelengths of the molecular hy-
drogen Lyman and Werner band transitions (Ubachs et al.
2007; Malec et al. 2010) have made such observations pos-
sible. Most of the relevant observations have been of the
molecular hydrogen Lyman and Werner electronic absorp-
tion transitions in high redshift Damped Lyman Alpha sys-
tems (DLAs) (King et al. 2009; Wendt and Reimers 2008;
Thompson et al. 2009; Malec et al. 2010; King et al. 2011).
These observations have restricted the change in µ to ∆µ
µ
6
10−5 at redshifts up to 3. Radio observations have estab-
lished limits on ∆µ
µ
on the order of 10−6 using a comparison
between the inversion transition of ammonia and the rota-
tional transitions of other molecules at a redshift of 0.685
⋆ E-mail: rit@email.arizona.edu (RIT)
(Murphy et al. 2008) and at a redshift of 0.89 (Muller et al.
2011). At redshifts between 2 and 4 Curran et al. (2011)
compared the frequencies of CO rotational lines to the fre-
quency of the fine structure transition of neutral carbon.
This comparison, however, does not measure µ directly but
rather F ≡ α
2
µ
. It is interesting, therefore, to see what con-
straints or limits these observations can put on cosmological
models and the necessity of new physics not consistent with
the standard model.
The situation regarding α is less clear given the con-
flicting claims on the variation (Murphy et al. 2004) or con-
stancy (Chand et al. 2004) of α with even claims of a spatial
dipole variation of α (Webb et al. 2011). Given this state of
uncertainty we will concentrate mainly on the limits imposed
by the constancy of µ but will also consider the consequences
of a variation in α at the end of the analysis.
2 COSMOLOGICAL MODEL
As a definite example of a cosmological model with a po-
tential V (φ) defined by a rolling scalar field φ we will ex-
amine slow rolling freezing and thawing quintessence mod-
els following the discussion of Scherrer & Sen (2008) and
Dutta & Scherrer (2011), hereinafter DS. In this case the
dark energy is due to a minimally coupled scalar field φ
governed by the equation of motion
Φ¨ + 3Hφ˙+
dV
dφ
= 0 (1)
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Figure 1. The evolution of w+1 as a function of the scale factor
a for various values of C. The scale factor a is normalized to 1
at the present epoch. The track for C=0 is the thawing solution
which starts near w+1=0 and ends with a value slightly larger
than 0 at the present epoch. The values of λ0 and Ωφi are given in
the last paragraph of section 2. Note that values of 1+w greater
than 0.05 are beyond the range considered by DS.
where H is the Hubble parameter in units where 8piG = 1.
The slow roll conditions are given by
λ2 ≡ (
1
V
dV
dφ
)2 ≪ 1 (2)
and
|
1
V
d2V
dφ2
| ≪ 1 (3)
which leads to a very flat potential. Thawing solutions are
where the equation of state parameter w = pde/ρde is ini-
tially near -1 and evolves away from -1 while freezing so-
lutions start with w not equal to -1 and evolve toward -1
at the present day. (DS) have shown that these cosmologies
follow trajectories given by
1 + w =
1
3
λ20[
1√
Ωφ
− (
1
Ωφ
− 1)(tanh−1(
√
Ωφ) + C)]
2 (4)
where C is determined by an early condition on w and Ωφ
C = ±
√
3(1 + wi)Ωφi
λ0
(5)
and the dark energy density factor Ωφ is given by
Ωφ = [1 + (Ω
−1
φ0 − 1)a
−3]−1 (6)
In (6) a is the scale factor of the universe normalized to 1
at the present day and the subscript 0 refers to the present
epoch. Thawing solutions are given by the special case where
C = 0. The parameter λ is necessarily small as given by
equation 2 and is considered to be constant and equal to λ0
at all times.
(DS) consider several cases with values of C set to -1,
-0.5, -0.1, 0., 0.1, 0.5, and 1 with wi = −0.95, λ0 = −0.08,
considered constant by DS, and Ωφi adjusted to yield the
listed values of C. We will use this suite of cases plus the
added cases of C = -0.3 and C = 0.3 to determine what
constraints are imposed by the observed values of µ. Figure 1
shows the evolution of w+1 as a function of the scale factor
a for the various values of C. Due to their large excursions
from w + 1 = 0 at high z the larger absolute values of C
probably violate the slow roll condition. That is why we
have added the C =+/-0.3 cases. All of the curves are for
freezing quintessence except of the curve for C=0 which is for
thawing quintessence. Although hard to see at the scale of
Figure 1, the C=0 case for thawing quintessence has w+1 6=
0 at a = 1.
3 NEW PHYSICS AND µ
Since µ does not vary with time in the standard model any
variation of µ must include new physics. This discussion fol-
lows the methodology described in Nunes & Lidsey (2004),
hereinafter NL which presumes a linear, non-varying, cou-
pling of µ to the rolling scalar field. There can be many
variations of the coupling between µ and the scalar field but
this represents one of the simplest models. (NL) actually
consider the variation of the fine structure constant α, how-
ever, most new physics models assume that α and µ vary in
the same manner and are connected in the following manner
µ˙
µ
∼
Λ˙QCD
ΛQCD
−
ν˙
ν
∼ R
α˙
α
(7)
eg. Avelino et al. (2006). In (7) ΛQCD is the QCD scale, ν
is the Higgs vacuum expectation value and R is often con-
sidered to be on the order of -40 to -50 (Avelino et al. 2006)
but it is highly indeterminate. The variation in α and con-
sequentially µ is given as
∆µ
µ
= Rζακ(φ− φ0) = ζµκ(φ− φ0) (8)
where ζx (x = α, µ) is the coupling constant, κ =
√
8π
mp
and
mp is the Planck mass. Based on the work of Copeland et al.
(2004) (NL) place limits on |ζα| of |ζα| ∼ 10
−4−10−7 which
translate to limits on |ζµ| of |ζµ| ∼ 4 × 10
−3 − 4× 10−6 for
R = −40.
The equation of state is given in terms of the dark en-
ergy pressure pφ, dark energy density ρφ and dark energy
potential V (φ) by
w ≡
pφ
ρφ
=
φ˙2 − 2V (φ)
φ˙2 + 2V (φ)
(9)
(NL) then show that w + 1 is also given by
w + 1 =
(κφ′)2
3Ωφ
(10)
where Ωφ is the dark matter energy density. Here φ˙ and φ
′
indicate differentiation with respect to cosmic time and to
N = log a respectively where a is again the scale factor. It
follows from (8) that
φ′ =
µ′
κζµµ
(11)
Substitution of (11) into (10) then links w and µ′ as
w + 1 =
(µ′/µ)2
3ζ2µΩφ
=
(α′/α)2
3ζ2αΩφ
(12)
which links the evolution of w, µ and α.
4 RELATING µ, α AND W
Now that we have two different equations for w + 1, one
involving only cosmological factors, the equation of state
c© 2011 RAS, MNRAS 000, 1–5
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Figure 2. The parameter space in terms of log(ζµ)2 and (w+1)
defined by the current limit on ∆µ/µ and for one that is 50 times
lower than the present limit. All of the space above the two curves
is forbidden in terms of the models and parameters presented
here.
parameter, in the quintessence model discussed in section
2 and one involving new physics in section 3 we can see
what constraints the observations place on the parameters
for these models. From (12) we see that limits on ∆x/x place
limits on the product ζ2x(w + 1) if we assume that the cos-
mology of Ωφ is known from equation 6. Note that the use
of equation 6 restricts the results to the slow roll conditions.
Using the current limit on ∆µ/µ 6 10−5 we can define re-
gions of parameter space in a (ζµ)
2 - (w+1) landscape that
are forbidden or allowed by those limits. Figure 2 shows that
space for the current limit on ∆µ/µ and for one where the
limit is 50 times more stringent, a possibility using obser-
vations from expected new spectrometers such as PEPSI on
the LBT.
It is obvious that as w + 1 approaches 0 that the con-
straint of ζ2µ diminishes rapidly. This has to be so since it
is the coupling with φ that both drives w + 1 away from
0 and produces the change in µ. If the improved limits are
achieved then there will be a more than 1000 times stronger
constraint on ζ2µ even for very small values of w + 1.
In the following we will use µ as a definite example but
the result for α is exactly the same with ζα replacing ζµ.
Setting the right hand sides of equations 12 and 4 equal to
each other we get
(µ′/µ)2
3ζ2µΩφ
=
1
3
λ20{Ω
−1/2
φ − (Ω
−1
φ −1)(tanh
−1(Ω
1/2
φ )+C)}
2(13)
which yields
µ′
µ
= ζµλ0Ω
1/2
φ {Ω
−1/2
φ − (Ω
−1
φ − 1)(tanh
−1(Ω
1/2
φ ) +C)}(14)
We then use that µ′ = a( dµ
da
) to produce
dµ
µ
= ζµλ0
∫ a
1
Ω
1/2
φ {Ω
−1/2
φ − (Ω
−1
φ − 1)
×(tanh−1(Ω
1/2
φ ) + C)}a
−1da (15)
dµ
µ
= ζµλ0
∫ a
1
{1− (Ω
−1/2
φ − Ω
1/2
φ )
×(tanh−1(Ω
1/2
φ ) + C)}a
−1da (16)
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Figure 3. Plot of ∆µ/µ as a function of redshift z = 1
a
− 1. The
C values are labeled in the figure and ζµ is set to −4 × 10−4.
All of the solutions are for freezing quintessence except for C = 0
which is the thawing solution. The data points are taken from the
information in Table A1 below along with the stated errors. The
plotted points for objects with more than one reference are the
most restrictive constraints. The erroneous Reinhold et al. (2006)
and Ubachs et al. (2007) results are not shown.
We next substitute in (6) for Ωφ to get
dµ
µ
= ζµλ0
∫ a
1
{1− [(1 + (Ω−10 − 1)a
−3)−1/2
−(1 + (Ω−10 − 1)a
−3)1/2]
×[tanh−1(1 + (Ω−10 − 1)a
−3)1/2 + C]}a−1da (17)
Since we know that µ is constant to one part in 105 to ob-
servable limits we can treat µ in the denominator of the left
side of (17) as a constant and finally get
∆µ
µ
= ζµλ0
∫ a
1
{1− [(1 + (Ω−10 − 1)a
−3)−1/2
−(1 + (Ω−10 − 1)a
−3)1/2]
×[tanh−1(1 + (Ω−10 − 1)a
−3)1/2 + C]}a−1da (18)
Equation 18 can be numerically integrated using Mathemat-
ica1 to show the evolution of the value of µ as a function of
the scale factor a normalized to 1 at the present time and Ω0
set to 0.7. (DS) use a constant λ of λ0 = −0.08, satisfying the
first slow roll condition and consider a range of the constant
C between -1 and 1. Negative values of C correspond to a
field rolling down the potential and positive values indicate
the field initially rolling up the potential. (DS) indicate that
the latter case is unlikely but they consider it for complete-
ness. Figure 3 shows the results of the integration plotted as
a function of redshift for a value of ζµ = −4 × 10
−4 which
is consistent with ζα = 10
−5 and R = −40.. It is evident
from (18) that the results scale linearly with ζµ.
A comparison of the observed value of ∆µ/µ and
the ∆µ/µ values predicted by the models with ζµ set to
−4.0×10−4 at a redshift of 3 is given in the first 7 entries of
Table 1. It is evident from both the table and Figure 3 that
most of the quintessence models considered in this paper,
except for the thawing model, are ruled out by the obser-
vations if the coupling constant ζµ is as high as −4 × 10
−4
and the magnitude of C is significantly greater than 0. Since
1 Copyright 1988-2011 Wolfram Research Inc.
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Figure 4. Plot of ∆µ/µ as a function of redshift with ζα adjusted
to give α of ∆α/α = 7×10−6 at a redshift of 3. The C values are
labeled in the plot. Note that at z=1 the order of the plots is that
C=-0.3 is the lowest and C=-1 is the highest of the three closely
bunched solutions. The data points are the same as in figure 3.
the value of C sets the initial value of w + 1 in the freezing
models the small value of ∆µ/µ favors models where w + 1
is small or 0 in the early universe. It is certainly possible
to bring any of the quintessence models into compliance by
lowering the value of either ζµ or equivalently R in (7). How-
ever, these calculations show that using parameters that are
common in the literature yields results that are incompat-
ible with the present limits on ∆µ/µ. It therefore suggests
that the limits on the variance of fundamental constants is
a rigorous test that should be applied to any proposed cos-
mological models or new physics. The slow roll conditions
and the linear coupling of the fundamental constants with
the field are conditions that provide a minimal change in the
constants, therefore, these results impose an even stronger
constraint on quintessence type models with much steeper
potentials.
5 IMPOSING A CONDITION ON α
There have been persistent claims in the literature that the
value of α was different in the past than it is now. If we
use the most recent claim of an altered previous value of
α of ∆α/α = 7 × 10−6 at redshifts around 3 (Webb et al.
2011) we can check what conditions this imposes on ∆µ/µ.
In Figure 4 we have adjusted ζα to give a value of ∆α/α =
7× 10−6 for each value of C with R set to -40.
It is clear from Figure 4 that none of the curves fit the
high redshift ∆µ/µ measurements. Table 1 indicates that at
a redshift of three the predictions differ from the observa-
tions by about a factor of 130. The thawing model (C = 0)
is a particularly bad fit even at low redshifts since ζα has
to be set to a very high value to achieve the claimed value
of ∆α/α. For this model the low redshift radio results of
Murphy et al. (2008) are more than a factor of 1000 less than
the predicted value. These results significantly increase the
tension between the α and µ observations unless the magni-
tude of R in (7) is about -0.3 at an epoch when the redshift is
about 3. This value of R is very different from the expected
value of around -40 derived from generic GUT models where
the strong coupling constant and the Higgs Vacuum Expec-
tation Value run exponentially faster than α (Avelino et al.
2006). In this context either the expectations from Super
(∆µ/µ)0bs
(∆µ/µ)Mod
ζµ C
-0.022 −4.0× 10−4 -1.0
-0.039 −4.0× 10−4 -0.5
-0.059 −4.0× 10−4 -0.3
-0.23 −4.0× 10−4 0.0
-0.12 −4.0× 10−4 0.3
0.060 −4.0× 10−4 0.5
0.026 −4.0× 10−4 1.0
-0.0076 −1.14× 10−3 -1.0
-0.0076 −2, 08× 10−3 -0.5
-0.0076 −3.1× 10−3 -0.3
-0.0076 −1.2× 10−2 0.0
0.0076 −6.5× 10−4 0.3
0.0075 −3.2× 10−3 0.5
0.0076 −1.4× 10−3 1.0
Table 1. Model Predictions versus Observations at Z=3. The
first 7 entries are for ζµ held at −4.0 × 10−4. In the last 7
entries the value of ζµ is adjusted to produce a ∆α/α value of
7× 10−6 with R held at -40.
Symmetry considerations are flawed or the conclusions from
the observations indicating a change in the value of α in
both space and time are in error.
CONCLUSIONS
Constraints on the values of the fundamental constants µ
and α now impose meaningful constraints on both cosmo-
logical models and new physics in terms of the product of
the equation of state parameter (w + 1) and a new physics
term ζ2x (x = µ, α) as shown in figure 2. Given a specific
cosmological model such as slow roll quintessence and ex-
pected parameters for the coupling constants ζx predictions
of the changes in the fundamental constants ∆x/x can be
made. These predictions, using parameters common in the
literature, are discrepant with the observational constraints
at high redshift by up to two orders of magnitude for some
cases. This argues for the inclusion of the values of the fun-
damental constants in the early universe into the commonly
accepted tests for either cosmological models or new physics.
It is certainly true that the new physics and cosmological
parameters can be adjusted to satisfy the fundamental con-
stant constraints. The main point, however, is that the pa-
rameters are no longer completely free but must be con-
tained within observational bounds. Improvements in the
measurement of the fundamental constants can significantly
improve the constraints and provide even more stringent
bounds on new physics and cosmology. An improvement by
a factor of 50 on the current constraint on ∆µ/µ of 6 10−5
produces more than a thousand fold improvement of the
constraint on (ζµ)
2(w+1). Such an improvement should be
possible with new instrumentation such as the PEPSI spec-
trometer on the Large Binocular Telescope.
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APPENDIX A: CURRENT DETERMINATIONS
OF ∆µ/µ
Table A1 lists the current determinations of ∆µ/µ in distant
galaxies and in the Milky Way. A subset of the most recent
constraints are used in figures 3 and 4. In particular the
erroneous positive results of Reinhold et al. (2006) have not
been included.
Object Reference Redshift ∆µ/µ
Q0347-383 Wendt and Reimers (2008) 3.0249 (2.1± 6)× 10−6
Q0347-383 King et al. (2009) 3.0249 (8.2± 7.4)× 10−6
Q0347-383 Thompson et al. (2009) 3.0249 (−2.8± 1.6)× 10−5
Q0528-250 King et al. (2009) 2.811 (1.4± 3.9)× 10−6
Q0528-250 King et al. (2011) 2.811 (0.3± 3.7)× 10−6
Q0405-443 Thompson et al. (2009) 2.5974 (3.7± 14) × 10−6
Q0405-443 King et al. (2009) 2.5974 (10.1 ± 6.2) × 10−6
J2123-005 Malec et al. (2010) 2.059 5.6± 6.2)× 10−6
PKS 1830-211 Muller et al. (2011) 0.89 6 2.× 10−6
B0218+357 Murphy et al. (2008) 0.6847 6 0.18× 10−6
Milky Way Molaro et al. (2009) 0.0 (4− 14) × 10−8
Table A1. Recent Astronomical ∆µ/µ Measurements
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